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‘ntroduction

In his thesis “Divisibility properties of recurring sequences’ (Amster-
lam, 1953) the author considered recurring sequences the elements of
vhich belong to a kind of sets which in some way are connected to sets
vhich he called ff-sets. In this paper, however, which mnst be considered
s an introduction to a further paper on periodicity properties of sets of
ecurring sequences, in view of this application only recurring sequences
re treated the elements of which belong to ff-sets. For the more general
ind of sequences: the reader is referred to the thesis, in only the last
ection of which such sequences occur essentially.

Very simple proofs and arguments are omitted in this paper. They can
e found in the thesis.

In deriving the properties which connect those of chapter I where the
lecessary algebraic properties are developed and those of the recurring
equences, in the first section of chapter II another much simpler method
s followed than in the thesis. This method (using the well-known shift-
perator E) will also be used in the above-mentioned paper on sets of
ecurring sequences.

Chapter 1. General algebraic properties
SecrioN 1. OXN ff-sETS

An ff-set is a set with the following properties:

I. The set is a.unique factorization domain, i.e. a commutative ring
rith a unit element e in which every element possesses a canonical
ecomposition into prime elements;

II. If m is an element of the set the residue set mod m of the set is
nite, i.e. that residue set has only a finite number of elements.

Since in a unique factorization domain R the ideal. (p) generated by a
rime element of the domain R is divisorless, the residue set R/(p) is an
itegral domain and since a finite integral domain is a field, one has

Theorem 1. If p is a prime-element of an ff-set R, then the residue
it R/(p) is a field. :

By a well-known property on finite fields the number M of elements of
ne field is a positive integral power P¢ of a prime number P, where both
'=P(R, p) and @=Q(R, p) depend on R and p.

Since RE/(p) is a field, to every element ¢ of R, not divisible by p, an
lement ¢, corresponds such that ¢,¢ = e (mod p). It is not difficult to
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yve that there also exists an element g, in R such that ¢,g = e (mod p"),
ere n is a positive integer.

Further one easily deduces that the residue set R/(p") possesses M"
ments, hence in the above notation

P(R’ 77n)=P(R’ p)’ Q(R, pn)an(R: 29)

Definition. Ifm isan element of an ff-set R, the set of those elements
R/(m) which are relatively prime to m is called the reduced residue set
d m of R.
The reduced residue set mod m of R will be denoted by R//(m). From
> above remarks it follows that if p is a prime element of an ff-set R,
>n the set R//(p™) is a multiplicative group with

¢,R(pn) = Mnr— Yr-1 = P(n-—l)Q(PQ _ 1)
ments.
Also in the case m is an arbitrary element of the ff-set R a similar result
lds. This result of which the proof may be omitted is formulated by
Theorem 2. Ifm isan element of an ff-set B, then the set R//(m) is a
ate multiplicative group with

Dy (m) = H P (R, p)(n—l)Q(R.D) (P (R, p)Q(R.p) —1)

pn m
n+1
ments. o m
Finally it is not difficult to prove that one has
Theorem 3. (Chinese remainder theorem). If my, ..., m; are pair-
se coprime elements of an ff-set R, then for any set u,, ..., u, of elements of

there exists an element w of R such that

u = u, (mod my,) (o=1, ...,s).

SEcTION 2. EXTENSIONS OF ff-SETS

In this section R denotes an ff-set.
If m denotes an element # 0 of R, the sets

R[z], Ry=R[(m) and R,[x]= R[x]/(m)

e considered. The homomorphism R ~ R, induces a homomorphism
[x] ~ R,y[x], hence to every element (polynomial) g(x) of R[x] cor-
sponds one polynomial g,(x) of E[x].

Theorem 4. If pis a prime element of R, then Ry[x]=R[x]/(p) is an
set.

Proof. By theorem 1 the set R/(p) is a commutative field, thus by
me well-known theorems R[x]/(p) is a commutative euclidean ring,

nce a principal ideal ring, hence a unique factorization ring.

Further let fy(x) denote an arbitrary prime element (i.e. irreducible
lynomial) of By[x], which is of a degree N in x. Then the elements of
[x]1= Ry[x]/(fo(x)) can be represented by the polynomials of a degree?)

1) Here and in future for the sake of simplicity the degree of the polynomial 0
taken — oo.
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< N—1 of Ry[x] (viz. by the uniquely defined remainders of a degree

< N —1 obtained after division of such a polynomial by fy(x)). Since each
f the N coefficients of these remainders can assume only
M(R, p)=P(R, p)¢&»

-alues, the set R;[x] has exactly MY, i.e. a finite number of elements.

Corollary. By theorem 1, applied to the ff-set Ey[x], one finds that
he set Ry[x]/(fo(x)), where fo(x) is irreducible in Ry[z], is a field,

Definition. A polynomial of R[x] is called monic if the coefficient
f its highest power term in z is equal to the unit element ¢ of R.

Definition. If m belongs to R and f(z) to R[x], but not to R, then
me writes

g(x) = h(x) (modd f(x), m)

f and only if in R[x] the polynomial g(x)—h(x) belongs to the ideal
f(x), m) generated by f(x) and m.

Definition. If f(x) (of degree N in z) and g(x) belong to E[z], then
he residue mod f(z) of g(z) is the uniquely determined polynomial r(z) of
. degree < N —1 such that

g(x) = r(x) (mod f(x)).
Theorem 5. One has
1) g(x) =0 (modd f(x) m _
f and only if the residue r(x) mod f(x) of g(x) is divisible by m (i.e. if each
if the coefficients of this residue r(x) is divisible by m).
Proof. If (1) holds there exist polynomials g(x) and s(x) in R[x]
uch that
g(x) = g(@)f(x)+m s(x).
et t(x) denote the residue mod f(x) of s(x). Then one has
g(x) =m s(x) =m t(x) (mod f(x)),
ind the residue r(z)=m t(x) mod f(x) of g(x) is divisible by m.
Conversely if m divides the residue r(x) the relation (1) follows immedi-
wtely.
The following two theorems may be mentioned without their simple
yroofs.
Theorem 6. If me R, my € Ry, myim and [(x) € R[x], then
(f(x)z ml)](f(x)’ /)n)
Theorem 7. If me R, if f(), f1(x), fo(x) belong to R[x] and if

(@) = h(@)fy(x)  (mod m),
(h(x), m)|(f(x), m).

Theorem 8. If m=mym,...m, where my, ..., m, are pairwise coprime

Jdements of R and if f(x) is a monic polynomial of R[x], then

(fa), m)= TI (f(2), m,).

c=1

hen
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Proof. Any element of (f(x), m) belongs by theorem 6 to each of the s
als (f(z), m;) (6=1, ..., s). Conversely for any element g(z) which belongs
each of these s ideals all coefficients of its residue mod f(x) are divisible
each of the s pairwise coprime elements my, ..., m, of R, hence by their
duct m, Then by theorem 5 the polynomial g(x) belongs to (f(x), m).
Fheorem 9. If p is a prime element of R and if

[(@) = h@) ... (@) (mod p),

ere (%), ..., f(x) are pairwise coprime elements of the ff-set
Ry[x] = R[x]/(p),

(f(z), p)= H (f.(), D).

Proof. By theorem 7 any polynomial which belongs to (f(z), p) also
ongs to each of the s ideals (f,(x), p) (6=1, ..., s). Conversely let g(z)
ong to each of these s ideals. In the homomorphism R[x] ~ R,[x] let
) correspond to gy(x), f(x) to fo(x) and f,(z) to f,4(x) (c=1, ..., s). Then
s has '
foo(@)lgo(x) (0=1, ..., ).
- theorem 4 the set R [x] is an ff-set, hence a unique factorization
main, thus fy(z)|g,(x), i.e. g(x) € (f(x), p).

SEcTION 3. RESULTANTS

Let R be an integral domain. Then for any two elements f(x) and g(x)
R[z] consider the resultant 7'(f, g) of j(x) and g(z) with respect to x
is resultant belongs to R.

For resultants one has the following four well known properties which
I be used later.

[. If f, g and A belong to R[z], then

T(gh, =T(9, ) T(h. ]).
(I. Iff, g and A belong to R[z] and if m is an element of R, then from
g =h (modd f, m)

follows that
T, [y=T(h,f) (mod m).
L. For any f and g of R[x] there exist elements ¢ and s of R[x] such
vt
(1. 9)=qf +sy.

re without loss of generality it may be supposed that the degree of ¢ is
s than‘the degree of giand that the degree of s is lessjthan the degree of f.
V. If r e R and if f(x) is a polynomial of degree N of R[z], then

T(r, )=,

Jefinition. If m is an element of an ff-set R and if f(x) is a monic
ynomial of R[x], then the set of elements g(x) of R[z] for which the
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esultant 7'(f, g) and m are relatively prime, is called the reduced residue
et modd f(x), m of R[z].
This reduced residue set will be denoted by

R[z]/[(f(x), m).

Theorem 10. If m is an element of an ff-set R and if f(x) 1s monic in

R[x], then the set '
S= R[x]/[(f(x), m)
s a multiplicative group.

Proof. Let g and % belong to S. Then by property II of resultants
»ne has T'(gh, {)=T1(g, f) T(h, f). Since both T'(g, f) and T'(h, ) are relatively
orime to m, so is T'(gh, f), hence gh €8S.

Further if ¢ € S then by property III of resultants an element g of R[x]
sxists such that

t:T(g’ f)=qg+8f,
wnd moreover ¢ and m are relatively prime. Then for the element ¢, of B
with #,{ = e (mod m) one has

e = it = t,q9 (modd f(x), m),

rence the inverse element t,9 of g in R (f(x), m) is found and
T(tg, /) T(g, )=T(tgy, ) = T(e, f)=e (mod m).

Thus T'(t,q, f) and m are relatively prime and #q €5,
Theorem 11. For the set S introduced in the above theorem one has
v el if and only if f(0) and m are relatively prime.
Proof. From
f(@) =zq(x) + }(0),
where ¢(x) € R[x], one finds
T(a, f@))=[(0),

whence follows the assertion.

SecTION 4. PERIODS

Theorem 12. Euvery element r of an ff-set R which is not divisible by a
prime element p of R satisfies

M-l =¢ (mod p);

here M denotes the integer M(R, p) introduced in section 1.

Proof. By theorem 1 the elements = 0 of R/(p) form a group with
M(R, p)—1 elements, Then the assertion follows from a property of finite
multiplicative groups. :

Theorem 13. If pisa prime element of an ff-set R, if f(x) is a mod p
irreducible polynomial of degree N of R[x], then for any polynomial g(x)
not belonging to the ideal (f(x), p) one has

(g@)™ "t =e (modd f(), ).
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Proof. In theorem 4 it was found that the set R, = Ry[z]/(f(x)) where
=R/(p) is a field with MY elements. Since in the homomorphism
x] ~ R, the element g(x) of R[x] does not correspond to the zero
ment of R, the assertion follows as before from a property of finite
ltiplicative groups.

Theorem 14. Let p be a prime element of an ff-set R and k a positive
eger. Then for polynomials f(z), g(x) and h(z) of R[x] satisfying

. g(x) = h(x) (modd f(x), p*)
e has
(9(2)) = (h(z))? (modd f(z), p**1);

‘e P denotes the integer P(R, p), tntroduced in section 1.
Proof. By assumption there exists a polynomial r(x) of R[z] such that
g(x) = h(@)+pr(x) (mod f(x)).
(9@)* = (h(x)+p*r(x))" (mod f(x))
d by the binomial theorem the right hand side of the last relation can
written in the form

(h(@))” + P(h(x))P =1 p* r(x) + p** s(x),
iere s(x) is a suitably chosen element of R[z]. Since R/(p) is an additive
yup with P elements one has in R
Pe=0 (mod p),
1ce on account of 2k = k+1
(9(@))" = (h(x))" (modd f(x), p***).

a similar way one can prove
Fheorem 15. Let p be a prime element of an ff-set R and k a positive
eger. Then for polynomials f(x), g(x) and h(x) of R[x] satisfying
g(x) = h(x) (modd (f(x))", p)

(g@)? = (k(x))” (modd (f(2))*, p).
Cheorem 16. If p is a prime element of an [f-set R, if f(z) is an
:ducible polynomial of degree N of R[x]/(p), then for every polynomial
) not belonging to the ideal (f(x), p) one has

(g@)P I = ¢ (modd f(z), ).

>roof. This property immediately follows from the theorems 13
1 14.

Cheorem 17, If pis a prime element of an ff-set R and if f(x) is an
:ducible polynomial of degree N of R[z]/(p), then

‘;nce

» has

pMY-1 = ¢ (modd f(z), p);
"1 =£ e (modd f(z), p) (n=1,2, ..., N—1).

>roof. Since x does not belong to the ideal (f(z), p) the first assertion
ds by theorem 13.




0
and every element of S= R[x]/(f(x), p) would be a root of the equation

XM X

in S. Then this equation of degree M"™ would have MY roots, which is
impossible since n<N.

Theorem 18. If pis a prime element of an ff-set R and if f(z) is an
irreducible polynomial of degree N of R[x]/(p), then for every polynomial g(x)
not belonging to the ideal (f(x), p) an element w of R exists such that

(g(x))" =w (modd f(x), p),

where n= (M~ —1)/(M—1).
. Proof. The M —1 different elements u,, ..., uy_15#0 of R/(p) satisfy
by theorem 12 the relation
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Further suppose that for some positive n<N
M1 =¢ (modd f(x), p).
Using the relation
(a+b)F" = a?™ b (mod p)
(to be proved by induction on n) one finds for every polynomial
g@) =3 a2t
of R[x] the relation ) e
(g ()" = :z“:a;tf" 20" (mod p).
By theorem 12 for A=0,1, ..., N—1 one has
a)y" =a, (mod p)
and from the assumption one gets
2" = (modd f(x), p).
Consequently "
(@) =3 w2 = g(@)  (modd (), p)

XJI—] =e.

rence by the ordinary theory of equations in the field R/(p) one has

XM o= (X —uy) ... (X—upy,y).
T'hen in R[x]/(p) one obtains taking X = (g(x))* (where g(x) is an arbitrary
slement of R[z] not belonging to (f(x), p))

P —e= ("~ ) .. (9"~ tar )
By theorem 13 one finds

(P =), oes g —uy 1) = 0 (modd f(@), p),
whence follows the assertion.
Corollary. In particular one has

LMY -0/r-1) — u (modd f(z), p),

where u is a suitably chosen element of R.
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SECTION 5. PERIODS WITH RESPECT TO U-SETS

Definition, Let m be an element of an ff-set R and f(z) an element
R[z]. Then any multiplicative subgroup of the group R[z]//(f(x), m) is
led a U-set with respect to f(x) and m, or shortly a U,,-set.
Examples.

The set R[z]//(f(x), m) itself;

the set R//(m);

the set of unities of R;

the set K only consisting of the unit element e of R.
Definition. Let m be an element of an ff-set, f(x) be an element of
r] and U a Uj,-set. Then a positive integer d is called a period modd
), m of a polynomial g(x) of R[x] with respect to U, if an element u of
exists such that

(@) =u (modd f(x), m).

Jbviously if such a period d exists also the smallest of such a period exists.
is smallest period will be called the primitive period of ¢ modd f, m
'h respect to U and will be denoted by c,(f, m; U).
[n particular we shall write

cz(fa m; U)=C(f, m; U),
eo(f, ms B)=C(f, m); c,(f, m; R[[(m))=c,(f, m);
co(f, m; B)=C(f, m): c,(f, m; R|[(m))=c(f, m).

Fheorem 19. Let m be an element of an ff-set R, f(x) and g(x) belong
Rlx] and U a Up,-set. If the primitive period c=c,(f, m; U) exists, then
y multiple of c is a period modd f(x). m of g(x) with respect to U ; conversely
y period d modd f(x), m of g(x) with respect to U is a multiple of the
mative pertod c.
Proof. If ¢ exists an element w of U can be found such that

¢ =u (modd f(z), m)
1ce for any positive integer k£ one has

g*“ =u* (modd f(x), m),
ere also ' belongs to the U-set U; then the first assertion follows.
Jonversely suppose there exists an element v € U such that

g =v (modd f(z), m).
en the primitive period ¢ exists and an element « € U can be found with

g¢=w (modd f(x), m).
tting d=gc+r where 0 < r<c and ¢ integer, one has

v=g¢=g%%" = u%9" (modd f(z), m).

wce U is an Uj,-set an element w of U exists such that

wu =e (modd f(x), m),
1ce
g =ovw? (modd f(x), m).
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since vw? € U, also r is a period modd f, m of g with respect to U. From
he minimality of ¢ one gets r=0, hence cl|d.

Theorem 20. Let m and m, belong to an ff-set R and f(x) and f,(x)

Rlx]; further let U be a Uy,-set and Uy a U, -set. Finally suppose

(f(x), m)|(f(2), my) and U, C U.

Phen tf cy=c,(fy, my; Uy) ewists, also c=c,(f, m; U) exists and cle,.
Proof. The assertion follows after a little argument from theorem 19.
Theorem 21. If O=C,(f, m) exists, then c=c,(f, m) exists and ¢|C.
Proof. The result follows from the preceding theorem using the fact

hat B C U= R//(m)

Definition. w,(f, m)=C,({, 7n)/ca(f, m).
By the preceding theorem w,(f, m) is a positive integer.
Theorem 22. If p is a prime element of R, then

c=c(f, p; U)le(f, p*; U)[P* e(f, p; U).
Proof. For k=1 the assertion is obvious. Further assume the assertion
sroved for some integer k£ = 1, i.e. there exists an element u of U such that
g¢=wu (modd f, p"),
vhere d=c(f, p*; U) satisfies d|P*1c. Then by theorem 14 one deduces
gPt =uP (modd f, p*+1),
1ence using theorem 19
c(f, p*1; U)|Pd|Pre,
vhence follows the assertion.
Theorem 23. If pis a prime element of R and if f(x) is irreducible
nod p, then
c=c(f, p; U)le(f*, p; U)|Ple,
vhere t is the smallest integer = 0 with P! = k.
Proof. For all k with ¢=0 the assertion is obvious. Now suppose
= 0 and the theorem proved for all positive integers < P'. Let further k
e an integer satisfying P'<k < P*1; then one has
g*=wu (modd f*' p),

vhere u is a suitably chosen element of U and c|d|P. By theorem 15 one
soncludes

g =uf (modd fF'*', P),
lence, also using theorem 19 and 20,
cle(f®, p; U)le(fF"", p; U)|Pd|PHe.

Theorem 24. Ifm=my ... m, where my, ..., m, are pairwise coprime
lements of R, if further U isa Uy, (o=1, ..., s)-set and if finally the periods

Co=C,(f, mg; U) (o=1, ..., 8)

aist, then also the period c=c,(f, m; U) exists and c is equal to the least
ommon multiple d of ¢, ..., c,.
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>roof. From
g = u, (modd f(x), m) (=1, ...,8)
ollows for o=1, ..., s, putting d,=d/c,

¢?=wud (modd f(x), m,).
w by the chinese remainder theorem an element w of U exists with
w=ud (modd m,) (=1, ..., 8).

ice
g =w (modd f(z), m,) (=1, ..., 8)

l by theorem 8

g =w (modd f(z), m).
us c=c,(f, m; U) exists and c|d.
further from

¢°=u (modd f(z), m)
h theorem 20 one deduces c,|c for =1, ..., s, hence d|c. Consequently
d.
Cheorem 25. Let p be a prime element of R and suppose

fx) = fi(®) ... f(x) (mod p),
we f,(x), ..., [(x) are pairwise coprime elements of R[x][(p). Let for
1,...,s the set U be a U, ,-set and let the period cs=c,(f,, p; U) ewist.
:n also the period c=c,(f, p; U) exists and if ‘d denotes the least common
ltiple of ¢y, ..., ¢, one has
dicle,(f, p: B)|bd;

e b denotes the number of elements of U.
>roof. For =1, ..., s from

gr =, (modd f,(x), p) (u, € U)
follows putting d,=d/c,
¢?=ud (modd f,(x), p).

1ce since the group U has b elements

g =e (modd f,(x), p)
1 by theorem 9

g""=¢ (modd f(z), p).
en c=c,(f, p; U) exists and by theorem 20 one deduces

cle,(f, p; B)lbd.

e further result d|c follows in a similar way as in the proof of the
sceding theorem.

Jorollary. In the case U=FE one has b=1, hence c=d.

Theorem 26. The integer v=uv,(f, m) is equal to the exponent q mod m
the residue w modd f(x), m of ¢°, where c=c,(f, m).
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Proof. From
¢ =wu (modd f(z), m)
; follows
g =u?=-c (modd f(z), m),
ence C'=C(f, m)|cg and vlq.
Further
e=¢g’=¢g" =wu" (modd f(x), m),
lence ¢qlv. Consequently g=v.

Theorem 27. Let R be an arbitrary commutative ring with a unit
lement and let f(x) denote a monic polynomial of degree N in R[x]. Then
f a positive integer ¢ and an element w of R satisfy
1) 2 =u (mod f(x)),
me has

(=)¥(0) =u?.

Proof. For N=1 one has f(x)=x—r where r € E. Then from (1) by
aking x=r the required result follows.

Now suppose the theorem holds for all monic polynomials of degree
< N —1, the coefficients of which belong to an arbitrary commutative
ing with a unit element.

By assumption a polynomial ¢(x) of R[z] exists such that

x*=u+q(x) f(x).
“onsider the ring S=R[z, y]/({(y)). Put
2) fx)—f(y) = (x—y) g(x, y) = (x—y) M),
vhere h(x) is a monic polynomial of degree N —1 in x with coefficients
n R[y]. Then
vt =u+q() f(y) + (@ —y) q(x) h(z)
wd in S one has
2 =wu (mod h(x)).
By the above induction hypothesis one concludes in S
(=¥ h(O))F =¥,
Further by (1) one has in S the relation y°=wu, hence
((—=)¥y h(0)=uX.
Finally (2) gives for =0 in S the result f(0)= —yh(0), hence
(=) fOy=ur.
Since neither of the sides of this relation depends on y, it holds not only
in S, but also in R.
Theorem 28. Let m be an element of an ff-set R and f(x) denote a
polynomial of degree N of R[x]. Then for c=c(f, m) and v=uv(f, m) one has
Ne

Yo’

where & denotes the exponent mod m of a=(—)Nf(0).

(&,¢)
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Proof. From
2 =u (modd f(x), m)

the preceding theorem one gets

at=u" (mod m),

1ce
UNElE0) = geellee) — gole0) — o (mod m) ,
1s by theorem 26

Ne
(es¢) "

rther for C=C(f, m) one has using theorem 26 and 27
at=a” =y =e¥=¢ (mod m),

N ‘ . ce
ice ¢|C. Also one has c|C, hence {e,c}|C, i.e. ol thus

&€
(&52)

v.

for a further result the symbol B, (m) is introduced, denoting the
nber of prime factors ¢ in the positive integer m.
Cheorem 29. If a prime factor q of the degree N of f(x) satisfies
e)> By(c), where &, c=c(f, m) and m have the same meaning as in the
ceding theorem, then

£q

eN
(&;¢)

(e,0) "

>roof. Since B(¢) >0 one may put ¢ = qd, where d is a positive integer.
‘ther put N=g¢gn. Then by theorem 26 and 27 one has

w’=1 (mod m), u¥ = a° (mod m).
theorem 28 the number b defined by v=eb/(e, ¢) is integer. In virtue

B(e)> B,(c) also d[(e, ¢c)=¢/q (¢, ¢) is integer. Hence

b N b P
1l =u"m =y ¢ — g 60 = g &0 (mod m),

s by definition of ¢ one has e’% hence ql(—scéc—) Since B(c)= B,(e,c)

last result gives ¢|b, consequently

&q
(e,¢)

‘orollary. If a=(—)"f(0)=e, then e=1 and one obtains g|v|N.
however, a= —e, then ¢=2. If moreover c is odd, one obtains 2¢|v|2N,
however, ¢ is even, then ¢|v|N.

Mathematical Centre, Amsterdam.




SECTION 1. GENERAL PROPERTIES

Consider a sequence w,, wy, ... satisfying

N
1) Wyt N =hZ Ay Wyt N—n (n=0,1,...),
=1

there wyg, ..., Wy_y, Gy, ..., @y are arbitrary elements of an ff-set R.
In order to investigate properties of the sequence introduce the poly-

omial

N

f@) =a% — 3 apa¥r,

h=1
7hich is called the characteristic polynomial of the sequence. Let E be
he operator which transforms any element w, of the considered sequence
ato w,;, (n=0, 1, ...)i.e. Bw,=w, ;. Then (1) may be written in the form

{ONINKL. NEDERL. AKADEMIE VAN WETENSCHAPPEN - AMSTERDAM
eprinted from Proceedings, Series A, 57, No. 4 and Indag. Math., 16, No. 4, 1954
IATHEMATICS

'ERIODICITY PROPERTIES OF RECURRING SEQUENCES. II
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(Communicated by Prof. J. F. Koksma at the meeting of May 29, 1954)
Chapter II. Recurring sequences

2) f(B)w, =0 (n=0,1,...).
Unless stated otherwise the integer » may assume all values n=0, 1, ....
Further introduce the polynomial 4,(x) of R[z] by

A”(CII) = Z(—%)%(E) Wy, 5

iere first the expression (f(x)—f(#))/(x—E) has to be written as a poly-
omial in  and £ and this polynomial (operator) has to be applied to w,.
Ybviously the polynomial A4,(x) is of a degree < N—1 in =.
Theorem 30. One has
at Ao(x) = A,(x) (mod f(x)).

Proof. For n=0 the assertion is obvious. Now suppose it holds for
ome integer n = 0. Then one has using (2)

2 Ag(e) — 0" gfa) = @ Ay(a) — (@—B-+B) DD,

= (@) wo—f(B) w, + Q=B gy,

E
—f(B
= % Wyyy = Apyq(x)  (mod f(z)).
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Definition. If m is an element of R and U a Uj,-set, then any

sitive integer d for which an integer n,, = 0 and an element u of U
ist such that

Wy g=uw, (mod m) (n=mn,, n,+1,...)

called a period mod m with respect to U of the recurring sequence. The
1allest such positive integer is called the (primitive) period mod m with
spect to U of the sequence.

Theorem 31. If ¢ is the primitive period mod m with respect to the
n-Set U of the recurring sequence, then any multiple of ¢ is a period mod m
th respect to U of the sequence. Conversely any period d mod m with respect
U of the sequence is a multiple of the primitive period c.

Proof. By the definition of ¢ an element u of U exists such that

) Ew, = uw, (mod m) (m=mn,, n,+1,...),
nee if k is a positive integer one gets for these values of n
E*w, = wFw, (mod m).
nce also u* € U the number kc is a period mod m with respect to U of
e sequence.

Conversely let d be such a period. Then an element «, of U exists such
at

Eéw, = w,w, (mod m) (n=mn,, n,+1,...).

1tting d=gc+r where 0 =< r<c¢ and ¢ is integer one finds using (3) for
=Ny, N+ 1, ..., where n,, =max (n,, n,,)

ww, = Bw,=EE*w, = E"ww,=uE"w, (mod m).
nce U is a group an element u, of U exists such that

uu, = e (modd f(x), m),
mce
Erw, = uju,w, (mod m) (n="Np, M+ 1, ...).

nce udu, € U from the minimum property of ¢ it follows that r=0,
mee c|d.

Theorem 32. Lett denote the resultant of Ay(x) and f(x). If {(0) and
are relatively prime, the period d mod m with respect to the U,,-set U of
e recurring sequence satisfies c'|d|c, where c=c(f, m; U) and ¢’ =c(f,m'; U)
ith m'=m/(t, m).

Proof. By a wellknown property of resultants there exist polynomials
x) and r(x) in R[z] such that

;nce
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Now by the definition of d there exists an element w of U such that
(Bé—u)w, =0 (modm) (n=mn,,n,+1,...),
hence

(Ed__u) M_) w.

—7 ., =0 (modm) (n=mn,,n,+1,...).

Using theorem 30 and the relation (2) one deduces

5 (et ) a* Ag(2) = (29— ) Ay(2) = () [DHE

(4)

( = ”;Z:?’ (f(@)—{(E)) w, = ”::gd fl)w,=0 (modd f(z), m).

Further putting f(x)=xh(x)+ f(0), one has
wh(x) = —f(0) (mod f(x))
and after multiplication by (k(x))"q(x) the relation (4) becomes
tf(0)(x?—u) =0 (modd f(x), m).
Since f(0) and m are relatively prime one finds

t(xé—u) =0 (modd f(x), m),
hence
2 =wu (modd f(x), m')

and consequently c’|d.
Further from the definition of ¢ it follows that there exist polynomials
»(E) and b(H) of R[E] and an element w of U such that

Ec=u-+a(E){(E)+mbE),
hence using (2)
Ew, =ww, +mb(E)w, = uw, (mod m),
sonsequently
Wype = uw, (mod m)
and d|c.

Corollary. In the case (f, m)=1 one has m'=m and c=d.

Then the period mod m with respect to U of the sequence is equal to
she exponent c(f, m; U).

Definition. An element m of R is called exceptional for a recurring
sequence with characteristic polynomial f(x) if at least one of the following
properties holds:

19: f(0) and m are not relatively prime;

20: the resultant ¢ of f(x) and 4,(z) and the element m are not relatively
prime.

All other elements of R are called nonexceptional for the sequence.

The result of the corollary to the preceding theorem may now be
formulated as follows:

If m is mon-exceptional for a recurring sequence with characteristic poly-
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nial f(x), then the period mod m of the sequence with respect to a U,,-set U
squal to the exponent c(f, m; U).

n particular taking moreover U=E and U=ER//(m) one finds the
ults:

"he period mod m of the sequence is equal to C(f, m); the period mod m
h respect to the set R[[(m) of the sequence is equal to c(f, m).

finally for linear f(x) one derives easily the wellknown property:
"he period mod m of the sequence is equal to ¢(f,m’), where m' =m|(w,, m).
Tor f(x) of a degree = 2 no such simple result holds. Then one has to
- theorem 32 and in order to find a further result on the periods of the
uence one has to consider the exceptional primes of m separately.

SECTION 2. RECURRING SEQUENCES OF RATIONAL INTEGERS

Che above results are now applied to the case R is the ff-set of rational
egers. Then one has

P=P(R,p)=p; Q=Q(R, p)=1.
Tor a recurring sequence satisfying

{Byw,=0 (n=0,1,...),

ere
N
f(B) =a¥ — > aja¥ M,
h=1
before the exceptional primes are either divisors of f(0)=—ay or

isors of the resultant ¢ of Ay(x) and f(x); here Ay(x) has the same
aning as in the preceding section. Unless stated otherwise it is supposed
it the numbers m, modulo which the sequence will be considered, have
exceptional prime factors.

With respect to the U-sets E and R//(m) by theorem 32 the periods
d m of the sequence are equal to C(f,m) and c(f, m) respectively.
For the numbers C(f, m) and c(f, m) by the theorems 18, 17, 23, 25, 22
1 24 one has

Theorem 33. If f(x) is irreducible mod p, where p is a prime number
n

(f, »)|(P¥—=1)/(p—1), C(f, p)p¥—1, C(f, pip*—1 (n=1, ..., N—1)
(f, p)le(f, p)p'e(f, ). C(f, P)C(", p)[PC(f, p);

e t denotes the smallest integer = 0 with pt = h.

’f
f(x) = (h(@))y* ... (fx))ys  (mod p),

ere f1(@), ..., [{(x) are pairwise coprime polynomials of R|(p), then for the
sest common multiples

c= {C(g?> P), R C(g:s5 P)} and C'= {O(g?: P), (AR C(g;s, p)}
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one has

Further

c(fs ple(f, P[P elf, p); C(f, P)IC(, P " Cf, p)-
Finally if m=pp ... pls, where py, ..., p, are different prime numbers, then
C(fa m)={c(f, p?)7 saey C(f’ p;s)} and O(f: 7’)’L)= {O(f: p?): ceey O(f, p;s)},

For the set R considered in this section the results on c¢(f, p*), C(f, p"),
c(f*, p) and C(f*, p) can be ameliorated.

Theorem 34. Let p be an odd prime and U a U,,-set. If the residue
u belonging to U of x® mod f(x) satisfies

¢ = u (modd f, p¥); 2° =£ u (modd f, p*+1),
then
e (e if B=1,u, ks
o(f. 2" U) = {ph"kc if h=k+1,k+2, ...

Proof. First the following auxiliary property is proved for A=k,
k-1, ...: .
(1) a? Fo = 4?7 (modd f, pt) ; 2" % =£ w (modd f, ph+1)
for all we U.

In fact this property holds for A=%. Now if it holds for some integer
h =k, one has

o e =y, 4 phr(z)  (mod f(x)),

where u1=u1’h_k and 7(x) € R[xz]. By theorem 5 one has p{r(x). Using the

binomial theorem one gets

2T = (g + phr(@)) = w4+ Mg tr(@)  (modd f(x), ).

Since u; € U=R]//(p) one has pfu,; since also p{r one has
(2) ]}h+2,t/7)h+1 u71)—17.(x)_
Again using theorem 5 one finds. the relations (1) for 2+ 1 instead of A.

Further from (1) one deduces for A=k+1, k+2, ...

cle(f, p")|p"Fe; elf, PP e,
hence
o(f, p) =p"Fe.

Remark. If p=2 the relation ceases to hold in the case A=1. After
a small change of the argument for p=2 one finds:

If U is a Ug-set and the residue u, belonging to U of x° mod f(x) with
c=c(f, 4) satisfies

2 =wu (modd f, 2F), a° £ u (modd f, 2¢*1),
then
ohy __ C(f,4) if h:2,...,k
of, 2 = {2h—kc(f,4) if h=k+1,k+2,...




4{(E)=(2E—a;)*—D hence (2E—a,)> = D (mod f(z)).
sequently one has
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n a similar manner as in theorem 34 the proof can be given of the
owing
'heorem 35. If f(x) is irreducible mod p and if the residue w mod f(x)
¢ (where c=c(f, p; U)) satisfies

2 = u (modd f*, p); 2° =£ u (modd f+1, p),
| c(f's p; U)=p'e(f, p; U),
re t is the smallest integer = 0 with kpt = h.
TION 3. RECURRING SEQUENCES OF INTEGERS OF THE SECOND ORDER
onsider the sequence defined by

wy=0, wy=1, w, ,=aw, ,—aw, (n=0,1,..).
+ disecriminant a?—4a of the characteristic polynomial
{(EB)=E*—aq;E+a

be denoted by D.
(%) = —1 this polynomial is irreducible mod p; if (1;)) =1 it is
ucible into two mod p different linear polynomials; if (g)z() it is
icible into two mod p equal linear factors.
hese results follow from the relations

heorem 36. Let p be an odd prime.

§> =—1, then c(f, pllp+1, C(f, p)tp+1, C(f, p)lp*—1:

g) =1, then c(f, p)|C(f, p)lp—1;

g) =0, then c(f, p)=p: C(f, p)|lp(p—1).

emark 1. For p=2 one has

g) —1, then c(f, 2)=C(f, 2)=3:
29) —0, then c(f, 2)=C(f, 2)=2.
.emark 2. For m=4 one easily deduces the following results

a, (mod 4) a (mod 4) c C v

0 —1 2 2 1

+1 —1 6 6 1

2 S| 4 4 1

0 1 2 4 2

1 1 3 6 2

—1 1 3 3 1
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Theorem 37.
f (%) =—1, one has x?*l=a (modd f(x), p);
f (g) =0 and p#2, one has a? = 27%a, (modd f(x), p).
Proof. In the first case one has by Euler’s criterium
D¥o-1 = 1 (mod p),
ence using
(2z—a;)* =D (mod f(x))
ne gets
(22—ay)P7t = —1 (modd f(z), p),
ence
20 —a? = (2x—a,)? = q;—2x (modd f(x), p),
onsequently
a? = a;—x (modd f(x), p), 2P+ = a,x—2a? = a (modd f(x), p).
In the second case using p|D one has successively
(2x—a;)2 =D =0 (modd f(x), p),
22 —a, = (2e—a,)* = 0 (modd f(x), p), 2* = 271 a4, (modd f(x), p).
Corollary. In the first case one has (where as before ¢ denotes the
xponent of a mod p)
2Pt = qf =1 (modd f(x), p),
ence
C(f, ple(p+1);
e _ 1 the second case one has

C(f’ P) :}Z‘p:

‘here h denotes the exponent mod p of 2-1a,.

Theorem 38.
2N 1. p i 2
If (p) 1, p prime # 2, pta,, then
., (D
(i, =) if (3) =1:
., (D
of, PP+ 1) i (5)=—1.
Proof. By assumption there exists an integer b with b2 = a (mod p),
ence
1) @+b)(@+a,—b) = a2 +ax—bi+ab =ab (modd f(x), p).

urther pta,+2b because ptD=aj—4a. Moreover

(x+b)* = z(a; +2b) (modd f(x), p),
ence
(x+b)P~1 = 2D (q, +2b)¥?-D  (modd f(x), p).
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(%>=1 by theorem 36 one has a? = x (modd f(z), p), hence

| z+b=2a?+b= (x+b)? = 2}?=V(q, + 20)}*=V(x +b) (modd f(z), p).

len after multiplication by (x+ a;—b)(a,+ 2b)¥*—Da2-2p?-2 one obtains
m (1) and (2)

2D = (a,+2)10  (modd f(x), p),
nce
o(f, p)|3(p—1).
If <—§> = —1 by theorem 37 one has 2?+! = a (modd f(x), p), hence
) bb+z) =a-+bx = 2P +bx=a(a?+b) = x(x+b)?
= x¥®*tV(q, +2b)¥*-V(x+b) (modd f(x), p).

1en after multiplication by (a, -+ 2b)¥*~V(x+a;—b)a?~2b?~2 one obtains
m (1) and (3)

2D = b(a, +2b)2-0  (modd f(z), p),
nce
c(f, p)3(p+1).

Theorem 39. If c(f,p)|3(p £ 1) then (%) =1.
Proof. If ¢(f, p)|i(p—1) an integer u exists such that
) 20 =y (modd f(x), p),

nce
] = 2?71 = 2 (In()dd f(x)) p)'

wrther f(x)=f(a;—=), hence (1) gives
(@,—z)¥* D =4 (modd f(z), p)
d _
a¥? = (x(a;—x))PV =u2=1 (modd f(x), p),

a
us (;) =1.
If ¢(f, p)|3(p+1) theorem 37 can be applied. Since by assumption an
teger w exists such that

2+ =  (modd f(x), p),
ie has
a =271 =% (modd f(x), p),
mee again <—%) =1

In order to find further results on v(f, m) it be remarked that by theorem
} one has

. [v['—ze— hence » = —— or -
(& ¢) (&)’ - (g,¢) (s,¢) °

re c=c(f, m). A further discussion is given by the following
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Theorem 40. Let p be an odd prime.

If By(c)= By(e)>0, then v=¢/(¢, c);

if By(c)# By(e), then v=2¢/(e, c).

Proof. If By(e)> By(c) by theorem 29 one has v=2¢/(¢, ¢). In both
ther considered cases ¢ is even, say = 2d. Then one has for w=w,,,

1) )= —a? (mod p).
n fact by theorem 30 it followed
2= A,(x) =w (modd f(z), p),
ence by theorem 27
a* = w? (mod p).
f a® = w (mod p) one would have
#=al (modd f(z), p),
ence from z(a¢;—x) = a (mod f(z)) it would follow
2) a? 2t = a*(a;—2)? = a¥(a;—x)® (modd f(x), p),
hus
2t = (a,—2z)® (modd f(z), p).
Jow by theorem 30 one has
al=2d(x) = Ay(x) =we(r—a;) +wzyy  (mod f(2)),
lence
(@, —x)! = —wgw+wgy, (mod f(x))
nd after addition these relations combined with (2) would give
2¢ = 2wy, —a,w; (modd f(x), p),
ontrary to the minimum property of c¢. This proves (1).

Now. in the case B,(c)=B,(¢)>0 both ¢/(s,¢) and c/(e, ¢) are odd.
from the minimum property of ¢ (as exponent of ¢ mod p) one deduces
a¥*=—1 (mod p),

lence
welEe) — (_)e/(s.c) /(&) — _(a&e)c/(s,c) = — (___)cl(E.c) =1 (mod 79)

ind v=¢/(¢, c).

In the case B,(c)> B,(¢) however ¢/(¢, ¢) is odd and ¢/(e, ¢) is even.
Chen one obtains

weleo = (_)e/(e.c) a0 — _(a5)d/(e.c) = —1 (mod p)’
1ence
v=2¢/(e, c).

Remark. It is not difficult to find examples that in the case
By(c)= B,(¢)=0 the integer v can assume either of the values ¢/(¢, c)
md 2¢/(e, ¢).
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Summarizing the above results one has for odd primes p the following
ble of cases (where as before & and 4 denote the exponents of @ and 2-1a,
»d p respectively).

(§)=(%)=1 cli(p—1)  Clp—1
F=-3)=1 ofhp—1)  c[Clp—1
—(3)=(3)-1 clip+1)  Clp+1, Olelp+1)
—('§>= '“(g‘>= cf3(p+1) clp+1 Cip+1, Cle(p+1)
(§)=O c=p C=hp.
By(c)=By(e) >0 v=¢g/(e, c) By(v)=0
By(c)==B,(e)=0 v=¢/(g, c) or 2¢/(e, c) By(v)=0 or 1
By(c)> Byfe) v=2/(e, ) Byv)=1
By(c) < Byfe) v=2¢/(z, c) By(v) = 2
r p=2 one has only the cases
(%):(%):1 c=C=1, wv=1.
(%):0 c=C=2, =L,

mbining the results 1—5 and A—D after a little discussion one gets
e following table exhausting all possibilities:

se p (mod 4) Case v c C

1 1 A,B,C,D ¢f(g,¢) or 2¢/(e, cl3(p—1) Clp—1

1 —1 B e/(e, ¢) or 2¢/(e, c|3(p—1) C|p—1

2 +1 A e/(e, €) clp—1 Clp—1

3 1 B,D e or 2¢ c|lip+1) Cle(p+1)
3 —1 B,C g or 2 c|3p+1) Cle(p+1)
4 1 D £ clp+1 Cle(p+1)
4 —1 C € clp+1 Cle(p+1)
5 1 B,D € or 2¢ c=p C=hp

5 —1 B g or 2¢ c=p C=hp.

[f moreover a= +1 still more can be found.
In the case a=1 one has =1 and the cases 2, 4, A and D are obviously

After some discussion one finds the following only possible cases:

cluded.
se p (mod 4)
1 1
1 —1
3 1
3 —1
5 +1

case v ¢
B,C 1lor2 c|ip—1)
B lor2 c|lip—1)
B 2 clilp+])
B,C lor2 clip+])

B lor2 P

c
Clp—1
Clp—1
Clp+1
Clp+1

C=p (if ¢, = 2 (mod p))
C=2p (if a; = —2 (mod p))
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In the case @ = —1 one has e=2 and case B is excluded. Here after some
liscussion the only possible cases appear to be

Jase  p (mod 4) case v c C
1 1 A,C,D 1,24 c|ip—1) Clp—1
2 —1 A 1 c=Cti(p—1) c¢=C|p—1
3 1 D 4 4c=C1(p+1) 4c=C|2(p+1)
4 —1 C 2 2c=C1{p+1 2c=C|2(p+1)
5 +1 D 4 P 4p

As an application of the last case one may consider the sequence of
'1BoNacor defined by

wy=0, wy=1, w, =W, +w, (rn=0,1,..)
vith f(E)=E?—E—1 and discriminant D=5. Here (%):1 forp=+1

D _ D\ _ o
mod 10), (;) =—1 for p= 43 (mod 10) and (p) =0 for p=5.
dne easily deduces the following table

» mod 20 Case v c c
lor9 1A,1C,1D 1,2, 4 c|3p—1) Clp—1
1 or 19 2A 1 c=Cti(p—1) Clp—1
3 or 17 3D 4 clip+1) Cip+1, C|2(p+1)
3 or 7 4C 2 2=Cfp+1  2¢=C|2(p+1)

5 5D 4 5 20

2 — 1 3 3

SEcTION 4.

RECURRING SEQUENCES OF RATIONAL INTEGERS OF ORDER =3

For a sequence of order 3 defined by
W5 = Oy Wy i+ Aol +0W, (n=0,1,...)
she characteristic polynomial is
{(B)=E?—a,E*—a,E—a.
Let p denote an arbitrary prime number. Then one has by theorem

33 the following cases and results which contrary to the preceding section
sannot all be distinguished by a criterium on the discriminant D of f(£):

[. f(z) is irreducible mod p. Then
c(f, p) |p*+p+1, C(f, pP*—1, C(f, p)|p*—1L.

[I. f(z) is mod p reducible into a linear and an irreducible quadratic
factor. Then

C(f, p)\C(f’ p)'fp—l C(f, p)ICUa p)]p2_l
[II. f(x)is mod p reducible into three mod p different linear factors. Then

C(f, ])) IO(f5 p) ]p'_—l
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f(x) is reducible mod p into a product of three linear factors exactly
> of which are equal mod p. Then

plef, p) [C(f, p)[p(p—1).
f(x) is reducible mod p into a product of three linear factors which
all equal mod p. Then

p=c(f, p)|C(f, p) |p(p—1) if p#2;
c(f, 2)=C(f, 2)=4.
e cases IV and V only occur for primes p which divide D. By theorem 33
» values of the periods mod m where m is composite can be found easily
m those of the periods modulo the prime numbers.
3y theorem 28 one has

€ 3e . £ 3¢
(s—,c—)lv]m, le. v =055 o oo
ere as before ¢ denotes the exponent mod m of a. By theorem 29 one
i further v=3¢/(¢, ¢) in the case By(e) > Bs(c). In the case By(e) < Bs(c)
vever no result exists similar to that of theorem 40. Still, combining
se results with those of the cases I—V, sometimes more can be said
>ut the integers ¢, C and v.
Also in the special case a=+1 one can deduce more. Then obviously
theorem 29 one has v=1, 2,3 or 6. For these results the reader is
srred to the author’s thesis.
finally the main results are mentioned for a recurring sequence of the
rth order
Wy 4= 0y Wy i3+ AWy 45+ AWy —aw, (n=0,1,...)

h characteristic polynomial

[(B)=E*—a, B3 —a,B?—a,E +a.
noting by g¢;, 7;, ;, t; (¢=1, 2, 3, 4) mod p different and irreducible poly-
nials of degree 7, by theorem 33 one has the following results
I f(x) =g, (mod p) c|(p+1)(p2+1) COfp*—1 Ctp*—1 C|p*—1

(I. f(x) = ¢,¢5 (mod p) C{p>—1 c|C|p*—1

II.  f(x) = gyrs (mod p) C{p—1 c|C|p*—1

V. f(x) = qi11g, (mod p) C{p—1 c|Clp*—1

V. f(x) = ¢y718:%; (mod p) c|Clp—1

1. f() = ¢ig, (mod p) C{p—1 ple|C|p(p*—1)

II.  f(x) = ¢3rs8; (mod p) ple|C|p(p—1)

IL.  f(x) = g3} (mod p) plc|Clp(p—1)

X. f(®) = ¢3r; (mod p) plc|C|p(p—1) if p#2

P*|c|C|p*(p—1) if p=2

— gt § p=c|[C|p(p—1) if p+#2,3
X. f(z) = q¢i (mod p) ( p2=c|C|p2(p—1) if p=2, 3.
further by theorem 28 one has
€ 2¢ 4e

'TE mo 7 o)
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n the case B,(¢) > B,(c) the value v=¢/(e, ¢) is excluded. It is not difficult
o show that in this case also v=2¢/(¢, ¢) is excluded. In fact putting
=2d from a®* = 1 (mod p) on account of the minimum property of ¢ one
leduces a® = —1 (mod p). By theorem 27 one has a® = u* (mod p), hence

20 — (u4)d/(e,c) = q/(e.0) — (ad)c/(s [P (_)c/(s.c) = —1 (mod P),

onsequently v=4¢/(e, c).
Since moreover v(p)|p—1 this can only occur if p =1 (mod 8).
For a further discussion the reader is again referred to the author’s

hesis.
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